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8 SOLUTION OF RAREFIED GAS TRANSPORT PROBLEMS 

. by Morris P e r b u t t e r  

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio 

ABSTRACT 

tD 

rn 

A discussion of appl icat ion of t h e  Monte Carlo method t o  r a r e f i e d  gas 

A sample problem of heat  t r a n s f e r  through a rare- 
8 
E; 

hea t  t r a n s f e r  i s  given. 

f i e d  gas between i n f i n i t e  f lat  p l a t e s - i s  t reated.  

l i s i o n s  and a w a l l  accomodation coef f ic ien t  of 1 are assumed. 

Hard sphere molecular col- 

The t a r g e t  

molecule d i s t r i b u t i o n  i s  assumed t o  be Maxwellian. The r e s u l t s  a r e  com- 

pared t o  approximate ana ly t i ca l  methods and t o  another Monte Carlo solution. 

INTRODUCTION 

I n  r a r e f i e d  gas t r anspor t  problems t h e  usual  so lu t ions  using Navier 

Stokes'  equation f o r  momentum transfer o r  the  Fourier  equation f o r  conduc- 

t i o n  are no longer apglicable.  

l o c a l  i so t ropy  and s m a l l  gradients  compared t o  t h e  path lengths  of t he  mole- 

cules.  

must then r e s o r t  t o  t h e  more fundamental Boltzmann equation. 

This is  because these  equations assume 

These assumptions are not va l id  i n  the case of rarefied gases. We 

This equation 

i s  d i f f i c u l t  t o  t r e a t  by the usual a n a l y t i c a l  procedures because of i t s  

complexity. "he Monte Carlo method allows us t o  reduce t h e  complexity o f  

t h e  ana lys i s  a t  t h e  expense of added numerical computation and i s  not re- 

s t r i c t e d  by the  many simplifying assumptions general ly  made t o  a l l o w  analyt-  

i c a l  solut ions.  

The Monte Carlo procedure i s  a m o d e l  sampling technique. We c rea t e  a 

model and then follow h i s t o r i e s  of sample molecules through this model. 

x52110 
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The sample h i s t o r i e s  are obtained by making choices a t  points  of decis ion 

from t h e  appropriate probabi l i ty  d i s t r ibu t ion .  By averaging ce r t a in  Prop- 

erties of t h e  sample molecules a t  various posi t ions w e  can obtain the  macro- 

scopic quant i t ies  of i n t e r e s t .  

For purposes of i l l u s t r a t i n g  t h e  Monte Carlo method l e t  us consider 

t h e  problems of heat t r a n s f e r  between p a r a l l e l  p l a t e s  enclosing a r a re f i ed  

gas. A discussion of much of t he  previous work on t h i s  problem is  given i n  

references 1 t o  5. 

The model i s  shown i n  f i g u r e  1. The hot  w a l l  i s  considered t o  be at  

temperature Tw, and t h e  cold w a l l  a t  temperature Tw,l. A r a re f i ed  

hard sphere molecule gas i s  contained between t h e  walls. 

The s m p l e  molecule h i s t o r i e s  are s t a r t e d  a t  the  w a l l  0 by picking 

ve loc i ty  components f o r  t he  sample molecule leaving t h e  w a l l  from t h e  aP- 

propr ia te  d i s t r ibu t ion  of v e l o c i t i e s  of t h e  absorbed and re-emitted mole- 

cules.  

u re  1. 

t h e  f i r s t  zone o r  have a c o l l i s i o n  with a t a r g e t  molecule i n  t h i s  zone. 

This w i l l  depend on whether t h e  path length  t o  c o l l i s i o n  for t h e  Sample 

molecule i s  longer or shor t e r  than t h e  d i s t ance  t h e  sample molecule must 

t r a v e l  t o  pass through t h e  zone. 

f i rs t  zone with no co l l i s ion ,  it i s  s t a r t e d  w a i n  a t  t h e  beginning of t h e  

next zone with i t s  ve loc i ty  components unchanged. 

The space between t h e  w a l l s  i s  divided i n t o  zones as shown i n  f i g -  

The sample molecule a f t e r  leaving t h e  w a l l  w i l l  e i t h e r  pass through 

If  t h e  sample molecule passes through t h e  

If there  i s  a c o l l i s i o n  i n  t h e  zone t h e  poin t  of c o l l i s i o n  i s  found a t  

t h e  end of the path length t o  co l l i s ion .  

the  d i s t r ibu t ion  of t a r g e t  molecule c o l l i s i o n  pa r tne r s  i n  the zone. 

t r i b u t i o n  of t a r g e t  molecule v e l o c i t i e s  i s  assumed uniformly Maxwellian 

A t a r g e t  molecule i s  picked from 

The d i s -  
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. 
throughout each zone. A c o l l i s i o n  calculation 

sample and t a r g e t  molecule c o l l i s i o n  partners, 

i s  then ca r r i ed  out f o r  the 

and new ve loc i ty  components 

f o r  the sample molecules are found. 

then continued from the point  of co l l i s ion  w i t h  t h e  new sample molecule 

ve loc i ty  components. 

co l l i s ion .  

The h i s t o r y  of t h e  sample molecule i s  

The t a r g e t  molecule c o l l i s i o n  pa r tne r  is  ignored after 

A new path length  t o  c o l l i s i o n  i s  found f o r  t he  sample molecule, and 

t h i s  i s  compared i n  length  t o  t h e  distance from t h e  point of c o l l i s i o n  t o  

the next  zone. If t h e  path length  t o  c o l l i s i o n  i s  g rea t e r ,  t h e  sample mole- 

cu le  is  s t a r t e d  i n  t h e  next zone w i t h  i t s  ve loc i ty  components unchanged. I n  

the o the r  case t h e r e  i s  a c o l l i s i o n  i n  t h e  zone and the  c o l l i s i o n  ca lcu la t ions  

are repeated as before. 

If t h e  sample molecule strikes the upper w a l l ,  it i s  assumed t o  be ab- 

sorbed and is  reemitted w i t h  new veloci ty  components picked from the  ap- 

p ropr i a t e  d i s t r i b u t i o n  of v e l o c i t i e s  based on the  upper w a l l  temperature. 

Af te r  leaving t h e  upper w a l l  it i s  followed as before. 

p l e t e d  when the sample molecule i s  incident on t h e  lower w a l l  and then a new 

sample h i s to ry  i s  begun. This is  continued u n t i l  t h e  des i red  number of 

sample h i s t o r i e s  a r e  completed. 

The h i s to ry  is  com- 

The t r anspor t  and f l u i d  cha rac t e r i s t i c s  of i n t e r e s t  are t h e  densi ty  

d i s t r i b u t i o n ,  temperature d i s t r ibu t ion ,  and heat  t r a n s f e r  across the channel. 

These can be obtained as i n  reference 6 by iocs-bir j  s c c r i ~ g  pnslt.ians at  

var ious loca t ions  across  the  channel ( s ee  f ig .  1). By scoring t h e  various 

c h a r a c t e r i s t i c s  of the  sample molecules as they pass t h e  scoring cross sec- 

t i o n ,  we can obtain t h e  t r anspor t  propert ies  and f l u i d  cha rac t e r i s t i c s  of 

i n t e r e s t .  
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The d i s t r ibu t ion  of t a r g e t  molecules, which i s  assumed uniform i n  each 
I 

zone, w i l l  g r e a t l y  a f f e c t  t h e  r e s u l t s  s ince  t h i s  w i l l  determine t h e  path 

length  t o  c o l l i s i o n  f o r  t h e  sample molecule and a l s o  t h e  ve loc i ty  component 

d i s t r ibu t ion  of t h e  t a r g e t  molecule c o l l i s i o n  par tner  i n  each zone. I n  t h e  

present  analysis  it was assumed tha t  t h e  t a r g e t  molecules i n  each zone were 

i n  a Maxwellian ve loc i ty  d i s t r i b u t i o n  based on a d i f f e r e n t  l o c a l  temperature 

and density i n  each zone. 

based on t h i s  assumed d i s t r i b u t i o n  of t a r g e t  molecules t h e  temperature and 

dens i ty  i n  each zone can be found. The Monte Carlo so lu t ion  i s  then rerun 

using the new found l o c a l  temperature and dens i ty  i n  t h e  Maxwellian d i s t r i -  

but ion of t a rge t  molecules. 

t h e  densi ty  and temperature d i s t r i b u t i o n  found from the sample molecule 

h i s t o r i e s  agreed w i t h  t h e  dens i ty  and temperature d i s t r i b u t i o n  used for t h e  

t a r g e t  molecules . 

Then by carrying out t h e  Monte Carlo so lu t ion  

The problem i s  i t e r a t e d  i n  t h i s  manner u n t i l  

The assumption of a l o c a l  Maxwellian d i s t r i b u t i o n  f o r  t h e  t a r g e t  mole- 

cules  would be most appl icable  near equilibrium condi t ions,  t h a t  i s ,  cases  

with s m a l l  temperature grad ien ts  and shor t  mean f r e e  paths. 

poss ib le  t o  extend t h e  ana lys i s  t o  more r e a l i s t i c  d i s t r i b u t i o n s  of t a r g e t  

molecules than were used i n  t h e  present  case  as for i n s t ance  a two-sided 

Maxwellian as used i n  an a n a l y t i c a l  so lu t ion  i n  re ference  5. 

It appears 

I n  references 1 and 2 a Monte Carlo so lu t ion  i s  used t o  treat a s i m i l a r  

problem. I n  t h a t  ana lys i s  the so lu t ion  i s  c a r r i e d  out  with an assumed d i s -  

t r i b u t i o n  of t a r g e t  molecules i n  a t a b u l a r  form. By scor ing  t h e  v e l o c i t i e s  

of many sample molecules as they pass through each zone they can obta in  t h e  

ve loc i ty  d i s t r ibu t ion  of t he  molecules i n  each zone i n  a t a b u l a r  form. 
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These are then used as the target molecule distributions in the next itera- 

tion. This process is continued until the sample molecule distribution 

found agrees with the target molecule distribution assumed. 

distributions in each zone the macroscopic quantities of interest can be 

found by numerical integration of the moments of the distribution. The pre- 

sent method, however, avoids the finding and storing of entire distribution& 

of target molecule for each increment. 

Then from the 

Xn the Monte Carlo method since the 8istributiot-i of ,$@get molecules is 

an approximation to the true distribution only conservation of mass is 

satisfied exactly since molecules are not allowed to "disappear" in transit 

between the walls. 

sidered in an average sense because the collision partners are not recorded. 

Conservation of momentum and energy can only be con- 

C 

D 

erf(x) 

f 

f+J f- 

Kn 

k 

M 

N 

NOMENCLATURE 

average thermal velocity (2kT/M) 1/2 

channel height 
x ,u2 

error function, ( 2 / f i )  J' e du 

probability distribution function 

probability distribution function of molecules moving in positive, 

negative V2 direction 

Knudson number, &/D = M / G  Sp*D 

Boltzmann constant 

mass of molecule 

number of sample molecules emitted from surface 0 in Monte Carlo 

run, proportional to the flux of molecules leaving surface 0 
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P 

P 

T 

v 
v* 

~ R , A  

P 

a 

cp 

pressure 

zone o r  scoring posi t ion number 

last scoring posi t ion number 

property of sample molecule 

averaged quantity JQf d3V 

averaged quantity SQf, d3V 

random number between 0 and 1 

mutual c o l l i s i o n  cross sect ion,  flu2 

number of sample molecules through scoring posi t ion i n  pos i t ive ,  

negative x2 di rec t ion  

absolute temperature 

molecular veloci ty  

veloci ty  a f t e r  c o l l i s i o n  

coordinates 

defined by eqs. (B6) and (B7) 

defined by eqs. (B6)  and (B7)  

c o l l i s i o n  r a t e  of sample molecule with t a r g e t  molecules 

path length t o  c o l l i s i o n  

mean f r e e  path length 

dimensionless veloci ty ,  V/C 

defined by eq. (As) 

mass density 

diameter of  hard sphere molecule 

angle between sample molecule and t a r g e t  molecule v e l o c i t i e s  
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Subscripts: 

averaged 

increment number 

last increment 

relative velocity 

sample molecule 

target molecule 

at wall 0, 1 

evaluated next to wall 0, 1 

coordinate directions 

positive or negative direction 

ANeLYSIS 

Start of Sample Molecule History at the Wall 

The sample molecule history will begin at the surface with temperature 

Tw,o. To pick the components of velocity of the molecules leaving the sur- 

face the simplest assumption is that the molecules incident on the wall are 

perfectly accommodated, that is, are in a Maxwellian distribution at the 

wall based on the wall temperature. 

ence 3. 

moving away from the wall (V2 > 0) is given as 

This assumption is discussed in refer- 

The normalized Maxwellian velocity distribution of the molecules 

2p+ 0 - '2' f+,O d% = 7x8 b p  (- $]dV1 dV2 dVg where V2 > 0 (ij 

The 

and Co is the thermal velocity (% Tw,J1'2. If we consider the positive 

P+,~/M is the number density of molecules moving away from the wall, 
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x2 
cules leaving the wall per unit time per unit area is 

and 6) .  

Vl = Vr cos 0,  V3 E Vr sin 8 

(ref. 1) to give 

direction normal to the wall, the distribution of velocities Of the mole- 

V2f+,0 (refs. 1, 2, 

V2 = V2, This can be transformed to cylindrical coordinates 

and normalized by (V,) = Co/+ 
+, 0 

The distributions for f f f can be written separately as 
8 '2 Vr 

The velocity components of our sample molecule leaving the surface must be 

picked from these distributions. 

and 6. 

This same result was used in references 1 

A convenient way of picking from a distribution for the high speed 

computer is to transform the distribution to a uniform distribution in 

by setting the random number R 

R 

equal to the cumulative distribution func- 

tion. For instance 

Then by using a high speed computer to generate a random number R 
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I .  

between 0 and 1, w e  can obtain 8 from equation (4 )  such that  f o r  a 

l a r g e  number of samples picked i n  t h i s  manner t he  d i s t r i b u t i o n  i n  equa- 

t i o n  (3a) w i l l  be s a t i s f i e d .  

S imi la r ly  w e  can pick V2 from 

or,  s ince  picking R is  equivalent t o  picking 1 - R, 

~2 = ( - ~ g  I n  q 2 ) 1 / 2  

V r  = (-c: I n  RV,) 1/2 

(6)  

so t h a t  by picking RV we can obtain V2 from equation (6J. The ve loc i ty  

Vr 

2 

is obtained i n  t h e  same manner and i s  given by 

‘ ( 7 )  

The V2, Vr, and 8 picked then give the  d i r ec t ion  and ve loc i ty  of t he  

sample molecule as it leaves the  w a l l .  

ences 1 and 6. 

This same result w a s  used i n  refer- 

The sample molecule is  then followed through t h e  first zone u n t i l  

e i t h e r  a c o l l i s i o n  occurs with another molecule or  t h e  sample molecule 

passes  through t h e  zone. 

sample molecule t o  c o l l i s i o n  i s  shor te r  o r  longer  than  t h e  path length  

through the zone. 

This w i l l  depend on whether t he  path length  of t he  

Calculat ion of iiie Path Length h t o  Col l i s ion  

f o r  t h e  Sample Molecule 

The probabi l i ty  that  a sample molecule w i l l  c o l l i d e  i n  t h e  incremental 

pa th  length  h t o  h + dh i s  given i n  reference 7 as 
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where hCL,S 

ing  at veloci ty  Vs i n  t ha t  zone. 

i s  the mean f r e e  path t o  co l l i s ion  of the sample molecule mov- 

We can then pick a path length t o  c o l l i s i o n  f o r  t h e  sample molecule from 

t h i s  d i s t r ibu t ion  by using the  sme procedure described earlier 

To use t h i s  re la t ionship ,  w e  must first ca lcu la te  t h e  mean free path 

i n  t h e  zone. 

A s  shown i n  appendix A t h e  mean free path of a sample molecule moving 

h,,, 

a t  ve loc i ty  Vs through a Maxwellian gas at  densi ty  p wi th  a thermal 

ve loc i ty  C i s  (eq. ( A B ) )  

where ps is  the  veloci ty  of t h e  sample molecule nondimensionalized by t h e  

thermal veloci ty  of t h e  zone (p, = Vs/C) ,  D i s  the  d is tance  across the  

channel and Kn i s  t h e  usual  d e f i n i t i o n  of Knudson number f o r  hard sphere 

molecules i n  a Maxwellian d i s t r i b u t i o n  

Equation (10) can then be used i n  equation ( 9 )  t o  ob ta in  t h e  d is tance  t o  col-  

l i s i o n  f o r  the sample molecule i n  the  zone. 

zone, the next s t e p  i s  t o  pick a c o l l i s i o n  pa r tne r  and ca l cu la t e  the new 

d i r ec t ion  and veloci ty  of t h e  sample molecule a f t e r  co l l i s ion .  

If t h e r e  i s  a c o l l i s i o n  i n  t h e  
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Calculat ing New Sample Molecule Velocity Components 

and Direction After Col l i s ion  

The d i s t r i b u t i o n  of t a r g e t  molecules h i t  by the  sample molecule i s  

given i n  appendix B following the der ivat ion i n  reference 7. 

t r i b u t i o n  we pick a t a r g e t  molecule co l l i s ion  par tner .  The new ve loc i ty  

of t h e  sample molecule a f t e r  co l l i s ion  w i t h  t h e  t a r g e t  molecule i s  given 

following the der iva t ion  i n  reference 1. 

From t h i s  dis- 

where 

The values of H and E a r e  obtained as discussed i n  reference 1 by pick- 

ing two raqdom numbers and using them i n  the  following equations 

e H = 2% - 1, E = 2% - 1, and 

where b2 must be less than one. If b2 is  g r e a t e r  than one, a new set of 

random numbers must be chosen t o  f ind  H and E. 

Q 
(13) b2 = H + Z2 - 

Completion of Sample Molecule Hi s to r i e s  

After c o l l i s i o n  a new path length t o  c o l l i s i o n  i s  found and this is 

compared t o  the  d is tance  t h e  sample molecule must t r a v e l  i n  its n&x d i rec-  

t i o n  t o  leave the zone. If this dis tance is  s m a l l e r  than the  new path length  

t o  c o l l i s i o n ,  t h e  molecule is then s t a r t e d  through the  next zone as shown i n  

figure 1. This process i s  continued u n t i l  t h e  sample molecule re turns  t o  the  



1 2  

w a l l  0 and then a new sample molecule h is tory  i s  s ta r ted .  This process 

i s  continued f o r  the  desired number of sample h i s t o r i e s .  

Scoring t o  Find the  Macroscopic Flow Propert ies  

The macroscopic f l u i d  c h a r a c t e r i s t i c s  w e  must obtain are the densi ty  

d i s t r i b u t i o n  and temperature d i s t r i b u t i o n  across t h e  channel s ince  these  a r e  

needed i n  the  t a r g e t  molecule d is t r ibu t ion .  

hea t  t ransfer red  across the  channel. 

Also of i n t e r e s t  i s  t h e  ne t  

These propert ies  a r e  obtained as f o l -  

lows. 

as shown i n  f igure  1. The average quantity of Q t ransported across t h e  

Scoring posi t ions are ' located at various dis tances  across the channel 

scoring cross sect ion p i n  the  pos i t ive  x d i r e c t i o n  by the  sample mole- 

cules crossing it can be w r i t t e n  as 

2 

+, P 

where S+,p i s  t h e  number of sample molecules passing across  the  scoring 

cross  section p i n  the pos i t ive  x2 d i r e c t i o n  and Q i s  some quant i ty  

each sample molecule car r ies .  Similar ly  t h e  average quant i ty  Q t r a n s -  

ported i n  the negative x2 d i r e c t i o n  is  

Since t h e r e  is  no net  flow across  t h e  channel and s ince  all sample h i s t o r i e s  

s tar t  and end at t h e  w a l l  0 ,  

s+,P = s-,P 

and 
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I .  We can then wr i te  

The number of sample molecules t h a t  pass the  scoring cross  sec t ion  a t  

i n  %he p o s i t i v e  V2 d i r ec t ion  S divided by t h e  t o t a l  number of sample 
+? P 

molecule h i s t o r i e s  started at w a l l  0, N, can be r e l a t e d  t o  t h e  mass f l u x  

passing i n  the  pos i t i ve  V2 d i rec t ion  at  p by 

p 

where P+,o(v)+,o t h e  mass flux leaving w a l l  0 is equal t o  p+,oC+,~/n1/2 

( r e f .  1). Combining equations ( 1 7 )  and (18) results i n  

If Q is  taken as 1/V2, equation (19) becomes 

n 

The average densi ty  lii the  chamel is  then obtained by averaging t h e  dens i ty  

of a l l  the  scoring cross  sec t ions  from p = 0 t o  p = p f 



14 

L 

A s  shown in  reference 1 t h e  c o l l i s i o n  solut ion (Kn + m )  i s  given by 

Similar ly  w e  can obtain the  l o c a l  pressure from 

2 2 2  - P+to +,' as given i n  reference 1 and Vr = V1 + Vg. 
C" 

s ince  ( p ~ $ ) + , ~  - 2 

Dividing equation (22) by ~ / p + , ~ ,  as obtained from equation (20) ,  then g ives  

t h e  l o c a l  temperature 

P 

as shown i n  reference 1 the  c o l l i s i o n l e s s  s o l u t i o n  (Kn -+ w )  i s  given by 

(2) = ( y ' 2  
TO Kn* Tw,O 

F ina l ly ,  t h e  heat  t r a n s f e r  across t h e  channel can be obtained from 
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1 1 
2 = ,* This can be nondirnensionalized by qh= - (p(V2(V$ + Vz)))+,o 

the  heat leaving t h e  w a l l  as given i n  (ref. 1) and then divided by 

t o  give 

C - 

This can be compared t o  the co l l i s ion le s s  result given i n  reference 

I n  t h i s  manner the l o c a l  temperature and densi ty  i n  each zone can be obtained. 

This i s  compared t o  t h e  assumed temperature and densi ty  d i s t r i b u t i o n  used i n  

the l o c a l  Maxwellian d i s t r i b u t i o n  of t he  t a rge t  molecules i n  each zone and 

t h e  results are iterated till agreement i s  obtained. 

RESULTS AND CONCLUSIONS 

The results f o r  the densi ty  d i s t r ibu t ions  and temperature d i s t r ibu t ions  

are shown i n  f igures  2 and 3. The hea t - t ransfer  results are shown i n  

figure 4. These r e s u l t s  were compared w i t h  the Gross-Ziering e ight  moment 

half  range so lu t ion  as given i n  reference 4 a d  Hsvilsnd and Lavin nonlinear 

f o u r  moment so lu t ion  given i n  reference 5 and t h e i r  Monte Carlo so lu t ion  

given i n  reference 2. 

Both Monte Carlo solut ions are  i n  bet ter  agreement with the Gross- 

Zier ing  so lu t ion  and poor agreement wi th  t he  nonlinear four  moment solution. 
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The present technique i s  very f l e x i b l e  and can be readi ly  extended t o  

d i f f e r e n t  types of molecular co l l i s ions  and t o  d i f f e ren t  boundary condi- 

t ions .  Using t h e  Maxwellian d i s t r ibu t ion  f o r  t h e  t a r g e t  molecules r e su l t ed  

i n  a nonconstant heat  t r ans fe r  across t h e  channel. This was averaged t o  

obtain the  present r e su l t .  More r e a l i s t i c  t a r g e t  molecule d i s t r ibu t ions ,  

however, can be used i n  the  analysis .  An important shortcoming of t h e  

present method i s  t h e  need of a high speed computor and extensive comput- 

ing  t i m e .  Each so lu t ion  required about 1 hour of running t i m e  on t h e  IBM 

7094. 
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APPENDIX A 

EVALUATION OF MEAN FREE PATH 

The number of co l l i s ions  per  u n i t  t i m e  de(vR,vt) of a sample molecule 

moving at ve loc i ty  V, 

d3Vt 

through t a r g e t  molecules i n  ve loc i ty  volume space 

f o r  hard sphere molecules i s  given i n  reference 6 as 

de = PftVRS d3Vt 

where 

molecule ve loc i ty  before co l l i s ion ,  VR,i = Vt,i - Vs,i, as shown i n  fig- 

u re  5, and S is the mutual co l l i s ion  cross  sec t ion  nu2 where u is  

t h e  diameter of t h e  molecule. The r e l a t i v e  ve loc i ty  VR as seen from f i g -  

VR is  t h e  veloci ty  of t h e  t a r g e t  molecules r e l a t i v e  t o  t h e  sample 

u r e  5 can be wr i t ten  as 

where cp' i s  t h e  angle between V t  

d i s t r i b u t i o n  following t h e  ana lys i s  

can be wr i t t en  as 

where p is  t h e  nondimensionalized 

and 0' are shown i n  f igu re  5. To 

(A2) 

and V,. For t h e  case of a Maxwellian 

given i n  reference 7 t h e  c o l l i s i o n  rate 

ve loc i ty  V/C and t h e  angles Cp' 

obtain t h e  t o t a l  c o l l i s i o n  rate f o r  t h e  

t a r g e t  molecules over all veloc i t ies ,  t h i s  must be in tegra ted  over Cp', e', 

and 

over Cp' from 0 t o  YI t o  give 

. We can i n t e g r a t e  t h i s  over 8' from 0 t o  2n and i n t e g r a t e  CI-i; 

where 
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o r  

We can then in t eg ra t e  over pt from 0 t o  03 t o  obtain t h e  t o t a l  co l -  

l i s i o n  frequency f o r  a sample molecule moving a t  ve loc i ty  ps through a 

Maxwellian gas as 

The dimensionless mean f r e e  path i s  then found as discussed i n  re ference  7 

by dividing t h e  dample molecule ve loc i ty  by t h e  t o t a l  c o l l i s i o n  rate t o  

U s i n g  t h e  de f in i t i on  of Knudson number as given by equation (11) enables US 

t o  write 



b 
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APPENDIX B 

PICKING THE TARGET MOLEU&E COLLISION PAR= 

The velocity distribution of target molecules that the sample molecule 

will collide with is discussed in reference 1 5 8  given by 

ae(pt,cpl,e) 
e 

[exp ( - 4 ) I p g ~  sin cpl  dcp' de* 

n[exp (-p:)l + s3/2(erf ps) (p, + 
- - 

The distribution in 8' for the target molecules is readily seen to be 

Then the e' can be picked from this distribution by 

8' = 2nRe (33) 

The distribution of 

margin& distribution 
pt for the target molecules is obtained from the 

We can then pick from this distribution as before 

Rvt = 

where when ps > 
1 

q = o  

and when ps C pt 
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1 I 
To f i n d  cp' f o r  t h e  t a r g e t  molecule, w e  can write t h e  d i s t r i b u t i o n  of 

t a r g e t  molecules as a product of a marginal times a conditional d i s t r i b u -  

t i o n  

then w e  must pick (P' from t h e  conditional d i s t r i b u t i o n  

Picking cp' f o r  a given p+, i s  found as before from 

Then components of veloci ty  of t h e  t a r g e t  molecule must s t i l l  be 

transposed t o  the  coordinate system of the channel. Taking V i t  i n  t h e  

same d i r ec t ion  as the  Vs coordinate as shown i n  f i g u r e  5 and V i t  i n  t h e  

same d i r ec t ion  as t h e  V3 

veloci ty  f o r  t h e  t a r g e t  molecule i n  t he  primed system as 

coordinate w e  can obtain t h e  component Of 

p'  = pt cos cp' 
2 t  

p '  = pt s i n  cp' cos 8 '  
It 

p '  = p s i n  cp' s i n  8'  
3t I 

Then by a simple r o t a t i o n  of the  coordinate system through an angle cp 

around t h e  Vg ax i s  the  components of v e l o c i t y  of t h e  t a r g e t  molecule i n  
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the channel coordinates are given by 

p3t = p i t  

- sin (p + p' COS 
%t - p;t It 



22 

. 

REFERENCES 

1. Haviland, J. K. :  Monte Carlo Application t o  Molecular Flows. AFCRL 

S c i e n t i f i c  Rept. 648, May 1961. 

2. Haviland, J. K. ; and Lavin, M. L. : Application of Monte Carlo Method 

t o  Heat Transfer i n  a Rarefied Gas. Physics of Fluids ,  vol. 5, no. 11, 

NOV. 1962, pp. 1399-1405. 

3. Patterson, G. N . :  A State-of-the-Art Survey of Some Aspects of t h e  

Mechanics of Rarefied Gases and Plasmas. ARL 64-60, Apri l  1964. 

4. Gross, E. p. ;  and Ziering, S.: Heat Flow Between P a r a l l e l  Plates .  

Phys. Fluids,  vol. 2, no. 2, Nov.-Dec. 1959, pp. 701-712. 

5. Lavin, M. L.; and Haviland, J. K. : Application of a Moment Method t o  

Heat Transfer i n  Rarefied Gases. Phys. Fluids ,  vol. 5, no. 2, 1962, 

pp. 274-279. 

6. Perlmutter, Morris: Monte Carlo Solution f o r  the  Charac te r i s t ics  of a 

Highly Ionized Gas Flowing Through a Channel with a Transverse Magnetic 

Field.  NASA TN D-2211, 1964. (See a l so  NASA TM X-52033 and Fourth 

Symposium on Rarefied Gas Dynamics, Univ. Toronto, Ju ly  1964.) 

7. Kennard, Earle H. : Kinetic Theory of Gases. McGraw-Hill Book Co., Inc . ,  

1938. 



. 

UJ 
0 
0 
M 

\ I  

Scoring positions 

Figure 1. -Model. 

I Tw. 1%. 0 

1. 1 0 1 ~ 5  -1 Present Monte Carlo resuits 

0 .25 Ref. 2 
0 

T I T  Analytical solution 0 w,l w.0 
Eight moment linear (ref. 4) 
Four moment nonlinear (ref. 51 

1.1 

@PA 

.P 

I I I I I I I I I 
I 

0 . 2  . 4  .6 .a 1.0 
Dimensionless distance from hot wall, x/D 

. 7  

Figure 2. - Density distribution across channel. Knudson number, 2. 



Tw, l'TW, 0 

Present Monte Carlo results 

- Eight moment l inear solution (ref. 4) I 

Tw, l'TW, 0 

Present Monte Carlo results 
0 .25 Ref. 2 

.2a- Analytical solution 
7 Eight moment linear (ref. 4) --- Four moment nonlinear (ref. 5) 

1.0 - Tw, l'TW, 0 
u Lr u IJ u u 0 0 . 9  

Dimensionless distance from hot wall, xlD 

Figure 3. -Temperature distribution across channel. Knudson number, 2. 

.9  .04 

0 1 2  3 4 5 
Inverse Knudson number, l l K n  

Figure 4. - Heat transfer across channel. 

/ #  

/ 
"3 

/ 

/ / _ _ _ _ _ _ _ - _ _ _ _ _ _ - _ - - -  

Figure 5. - Velocity of sample and target molecules at coll ision. 


